We establish an S 1 -equivariant index theorem for Dirac operators on Z/kmanifolds. As an application, we generalize the Atiyah-Hirzebruch vanishing theorem for S 1 -actions on closed spin manifolds to the case of Z/k-manifolds.
For any n ∈ Z, let F n ± be the eigenspaces of Γ(S ± (T X) ⊗ E) with respect to the eigenvalue 2πn of Let X H (resp. Y H ) be the zero set of H (resp. H Y ) on X (resp. Y ). Then X H is a Z/k-manifold and there is a canonical map π X H : ∂X H → Y H induced from π. We fix a connected component X H,α of X H , and we omit the subscript α if there is no confusion.
We identify the normal bundle to X H in X to the orthogonal complement of
is a complex vector bundle on which g ∈ S 1 ⊂ C acts by multiplication by g γ . By using the same notation as in [LMZ, (1.8 )], we simply write that
) be the complex spinor bundle over X H associated to the canonically induced Spin c structure on T X H . It is a Z/k Hermitian vector bundle and carries a canonically induced Z/k Hermitian connection.
Recall that by [AH, 2.4] , one has v v dim N v ≡ 0 mod 2Z. Following [LMZ, (1.15) ], set
Then each R n (resp. R ′ n ) is a Z/k Hermitian vector bundle over X H carrying a canonically induced Z/k Hermitian connection. For any n ∈ Z, let
be the canonical twisted Spin c Dirac operator on X H . Let D Rn X H ,+,AP S be the corresponding elliptic operator associated to the Atiyah-Patodi-Singer boundary condition [APS] . We will use similar notation for R ′ n .
Theorem 2.1 For any integer n ∈ Z, the following identities hold,
Let D E T,+,AP S be the corresponding elliptic operator associated to the Atiyah-Patodi-Singer boundary condition [APS] . Clearly, D Let can be defined in the same way as in Section 1. Let a n > 0 be such that Spec(D
. By combining the techniques in [BL, Sect. 9] , [BZ, Sect. 4b) ] and [LMZ, Sect. 1.2] , one can prove the following analogue of [BZ, Theorem 3.9] , stating that there exists T 1 > 0 such that for any ) need not be zero, and the eigenvalues of D E T,+,∂X (n) lying in [−a n , a n ] are not easy to control. Thus the above arguments no longer apply directly. Instead, we observe that dim(ker(D Rn Y H − a n )) = 0, and we use the method in [DZ] to perturb the Dirac type operators under consideration.
To do this, let ε > 0 be sufficiently small so that g T X , g E and ∇ E are of product structure on [0, ε] × ∂X ⊂ X. Let f : X → R be an 
). Let D Rn X H ,−an,+,AP S be the corresponding elliptic operator associated to the Atiyah-PatodiSinger boundary condition [APS] . By an easy extension of [DZ, Theorem 1.2] (compare with [TZ, Theorem 4 .2]), we see that, −a n , which is the induced Dirac type operator from D Rn X H ,−an,+ through π X H , is invertible, by combining the arguments in [LMZ, Sect. 1.2] with those in [DZ, Sect. 3] , one deduces that there exists T 3 > 0 such that for any T ≥ T 3 , the following analogue of (2.4) holds,
From (2.5)-(2.7) and the mod k invariance of ind(D E T,+,AP S (n)) with respect to T ∈ R, one gets (2.1).
Similarly, by taking T → −∞, one gets (2.2). 2 §3. Proof of Theorem 1.2
We apply Theorem 2.1 to the case E = C. First, if X H = ∅, by Theorem 2.1, it is obvious that for each n ∈ Z,
When X H = ∅, we see that v |v| dim N v > 0 (i.e., at least one of the N v 's is nonzero) on each connected component of X H . Then by (2.1) and by the definition of the R n 's, we deduce that for any integer n ≤ 0, (3.1) holds. Similarly, by (2.2) and by the definition of the R ′ n 's, one deduces that (3.1) holds for any integer n ≥ 0. In summary, for any n ∈ Z, (3.1) holds. From (1.1), (3.1), by the Atiyah-Patodi-Singer index theorem [APS] , and using the obvious fact that ind(D +,AP S ) = n ind(D +,AP S (n)), one gets A (k) (X) = 0. 2 Remark 3.1 By combining Theorem 2.1 with the arguments in [LMZ, , one should be able prove an extension of the Witten rigidity theorem, of which a Ktheoretic version has been worked out in [LMZ] , to Z/k-manifolds. This, together with some other consequences of Theorem 1.2, will be carried out elsewhere.
